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SOME CONTEXT

MULTISTAGE STOCHASTIC OPTIMIZATION PROBLEM

val(§) := nrluilnq(m:uul,51)+r212nl€,g2 ca(x2,u2,82) + -+ rgiTnEgT [CT(1T7UT7£T)]]

under the following constraints

Ter1 = fr(@e, ut, &) (1a)
(u¢,w¢) € Ky CR™ x R™ (1b)
T = 130, (1c)

» Decision management problems

» Multiple solving algorithms exist: MPC, Dynamic programming, Scenario
based methods (Prog. Hedging, SDDP, etc.)

> In practice, the scenario process {{;} is approximated by a scenario tree



The Scenario Reduction Algorithm



KOVACEVIC AND PICHLER’S ALGORITHM (KP)

» For statistical representativity, the scenario tree should be large

» For computation tractability, the scenario tree should be small

KP algorithm

o - Probability optimization
Initialization with a given filtration g o
Original tree Scenario/quantizer optimization

KP algorithm: to approximate a tree, a smaller tree with a given filtration is improved in order
to minimize the distance with the original tree. The probabilities and the scenaro values are
alternatively optimized until convergence.



WASSERSTEIN BARYCENTER (WB) WITHIN THE KP ALGORITHM

» In the Scenario Reduction problem with seek G (with given filtration F)
that minimizes dlo(H, G)

» Our first contribution is to notice than the steps of the KP algorithm is a
Wasserstein Barycenter problems (WB)

(left) Original tree, (right) Approximated tree. The probabilities (P(nz7|n3), P(ng|ns))
are computed as the Wasserstein Barycenter of the set of (known) probabilities
associated to the boxed subtrees on the left.



Navigate the Wasserstein Barycenter Challenge



EXTENSION TO THE WB

THE WASSERSTEIN DISTANCE

Let (€2, P) a probabilty space and two measurable random vectors &, ¢ : Q +— R4
such that p := &4 P and v := (4 P. Their (quadratic) 2-Wasserstein distance is

1/2
wae 0= (i [ e-ulfaren) . wD)

TEU (p,v)

Here U(u,v) is the set of all probability measures on R x R? having marginals u
and v.

WASSERSTEIN BARYCENTER PROBLEM

Given M measures {v(1) ..., v(M)} C P(R?) and o € Apy, an 2- Wasserstein
barycenter with weights « is a solution to the following optimization problem

M

min o W2 ,V(m) . 2
in 32 an W n ) @

Support optimization . Probability optimization
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HUGE SCALE LINEAR PrROGRAM (LP)

WB PROBLEM

It boils down to solve a huge LP with MRS + R variables!:

r s R S(M)
c 1 1 M
min > >y 4o 3D ORI
P r=1 s=1 r=1 s=1
st. YR 2l =gV, s=1,...,80
M M .
SR Ao 00 ooy s
[CONNG!
¥l = pr, r=1,...,R
(M) M
2521 ’S‘QLPT‘y r=1,...,R
peAg, M >0 ... (M) >0,
¢ M =100 R = (M) = 1600, m = 1,..., M (corresponding to figures with 40 X 40

pixels), the above LP has 256 001 600 variables.



REFORMULATION OF THE LP

SEPARABLE SETS

(m) _{ (m) >0, Zﬂ' = s ,s:l,...,

and the linear subspace

)
5(2) (2)
Bi=LSm=ED, . ). Lo=1 7o

S(M—1)

Zs:l

e

S(’”)}, m=1,...,M (3)

= ZS<2) w2 Vr

s=1 T'rs »
@) (3)
= ZS Trs™s vr
s=1 s (4)
= ZS(M) (M), Vr



DoUGLAS-RACHFORD THEORY
» Consider the indicator function i of a convex set C, and reformulate the

problem:
R s(m)
FO () =37 N T iy (7)), m=1,...,M, (5
r=1 s=1
» Recast problem:
M . .
)= 2 S () and g(x) ::{ 'lde(J?.rs)tB(ﬂ) it enbloneed.

> Since f is polyhedral, it follows that computing one of its solutions is
equivalent to
find 7 such that 0 € 9f(m)+ 9g(mw). (7)

DOUGLAS-RACHFORD ALGORITHM
Given initial point §° = (0(1 . O(M)’O) and prox-parameter p > 0:
okt = proxg/p(ﬂk)
ﬁk+1 = proxf/p(27rk+1 — 0’“) (8)

9k+1 — ek + ﬁ.k+1 _ ﬂ_k+1



THE METHOD OF AVERAGED MARGINALS (MAM)

THE DouGLAS RACHFORD AND THE MAM ALGORITHM

(6% S5l m) () M

phtl = Projp
P 1
7"57:) Yis — pch)
S R — Proj - (m)
bis : (_ ) Pro_]AR(q(m)) . , s=1,...,8
~lm m
TRs YRs — p CRs
9k+1 _ elc + frk+l _ 7rk+l

> At every iteration the barycenter approximation p* is a weighted average of
the M marginals p(™) := Zs(m) olm).

» The projection onto the simplex can be accomplished in parallel, exactly and
efficiently by specialized algorithms?.

» The whole sequence converges to an exact barycenter.

2see L. Condat 2016
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QUALITATIVE COMPARISONS
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QUALITATIVE COMPARISONS
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QUANTITATIVE COMPARISONS
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Evolution with respect to time of the difference between the Wasserstein barycenter distance of

an approximation, W22 (pk), and the Wasserstein barycentric distance of the exact solution

W22 (Pexzact) given by the LP. The time step between two points is 30 seconds
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» New algorithm for computing WBs which is parallelizable and can run in a
randomized manner if necessary

» It can be applied to both balanced WB and unbalanced WB problems upon
setting a single parameter

> It can be applied to the free or fixed-support settings

» The method is submitted (after review) in SIAM Journal on Mathematics
and Data Science https://arxiv.org/pdf/2309.05315.pdf

» Our Python code is freely available at
https://ifpen-gitlab.appcollaboratif.fr/detocs/mam_wb


https://arxiv.org/pdf/2309.05315.pdf
https://ifpen-gitlab.appcollaboratif.fr/detocs/mam_wb

Exploring Utilizations of the Enhanced Scenario
Reduction Algorithm



REDUCTION SCENARIO APPLICATIONS

Scenario tree reduction employing different solvers to

> A classic LP (KP setting),

> Tterative Bregmann Projection algorithm 3,

> MAM.

Nested distance

Nested distance

Evolution of the Nested Distance along the reduction iterations
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REDUCTION SCENARIO APPLICATIONS

216 scenarios 1296 scenarios o 7776 scenarios

Nested distance
Nested distance.
Nested distance.
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78125 scenarios
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Evolution of the Nested Distance along the reduction iterations for different initial trees with a

zoom.
LP IBP MAM MAM 4 processors
T=4, cpn=6 0.17 0.49 2.21 0.56
T=5, cpn=6 1.54 14.83 18.23 6.28
T=6, cpon—6 74.25 161.10 | 344.83 124.44
T=7, cpn=>5 487.58 323.76 816.46 341.62
T=7, cpn=6 4905 2136 2541 1256
T=8, cpn=5 13797 4334 3458 1635

TaBLE: Total time (in seconds) per method for the studied trees.



CONCLUSION

TAKE-AWAY MESSAGES

P> We developed a new approach to reduce scenario tree, that can deployed even
for very large trees

» Our Python code is freely available at
https://ifpen-gitlab.appcollaboratif.fr/detocs/tree_reduction

VALORIZATION OF THE RESEARCH

» The MAM algorithm is the subject of a paper submitted to SIAM Journal on
Mathematics and Data Sciences (SIMODS) 4,

> Presentation during the PGMO days, the annual conference of the
Optimization, OR, and Data Science program of the FMJH °,

» Presentation of a poster at the Consortium in Applied Mathematics

(CIROQUO)S,
» Presentation of a poster during the DATA IA days of CentraleSupelec”,

» Presentation of extensions of MAM at the international conference ISMP
2024 (International Symposium on Mathematical Programming8.

4h1:1:ps:
//www.siam.org/publications/journals/siam- journal-on-mathematics-of-data-science-simods

5Fondation Mathématiques Jacques Hadamard:
https://smf.emath.fr/evenements-smf/pgmo-days-2023

6h1:1:ps ://ciroquo.ec-1yon.fr/evenements.html
"https://waw.dataia.eu/
8https://ismp2024.gerad.ca/
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Annexes
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DISTANCE BETWEEN PROCESSES
» How to evaluate such a distance?

SSERSTEIN DISTANCE

Let (2, P) a probabilty space and two measurable random vectors &, ¢ : Q — R4
such that p:= &4 P and v := (x4 P. Their (quadratic) 2-Wasserstein distance is

1/2
wale. )= (ot [ le-ulPasen) . wD)

TwEU (p,v)

Here U(u, v) is the set of all probability measures on R% x R? having marginals p
and v.

THE NESTED DISTANCE

Let H := (5, (F¢)t, P) and G := (Z, (F't)t, P’) be two filtered probability spaces,
2:={W, . eB®Yand Z :={¢D, ..., ¢(5} are the scenario values. The
process distance of order 2, between the trees H and G is the root square of the
optimal value of the following LP,

R S
min 3@ - ¢@ 7 w(£®, ¢@)

i=1j=1

st.  w(M X Z|F; @ F}) = P(M|Fy), (M € Fr,t=0,...,T)
m(E x N|Ft ® F;) = P'(N|F)), (N € F,t=0,...,T)

T > 0.
(ND)
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STABILITY RESULTS FOR ND

STABILITY RESULT FOR THE ND

Consider the value function val(H) of stochastic optimization problem seen earlier
so that val(H) := val(é), and Lo a constant, then it holds®:

[val(H) — val(G)| < Ly - dlo(H, G)? (9)

> It is not the case when using the WD.

9See Pflug and Pichler 2012
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THE NESTED DISTANCE

THE NESTED DISTANCE FOR TREES

the process distance of order 2, between H and G is the square root of the optimal
value of the following LP,

min Z Fi’jdi]»
iENT JEN
(i @) i | 56 Sigmeagyy wdlmn) = Plilm),  (m € AG0),n)

E{’LMGA(Z)} 7r(i,j|m, n) = P/(]|7”L), (’I’L € A(J)rm)

Ti,5 Z 0 and Zi,j T, = 1.
(NDT)
This LP can be decomposed into several Optimal Transport problems (OT).



UNBALANCED WB

M
S (™, 7™y 4 qaistys ()

min
™
m=1
s.t. 7 € Il(m),...,w(‘w) € M)
y= 0.001 y=1 y= 10 y= 50 y= 70 y= 200 y= 300 y= 500 y= 1000
@ (C) @
-

“e$

A
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EXACT FREE-SUPPORT RESOLUTION

»  All measures share the same finite support: suppose that all measures v(™) are
supported on a d-dimensional regular grid of integer step sizes in each direction,
each coordinate going from 1 to K: Sm) = g = K<,

» The measures are evenly weighted a,, = ﬁ, m=1,...,M

K=200.t=004h  k=3500,t=10h  K=7000,t=20n  k=10400,t=30h  k=1390.0,t=40n

o @O ©

K=17400,t=50n  k=20800,t-60n  k=2430.0,t=70h  k=27800,t-B0h k= 3120.0,t=0.0n

@ o o

Evolution of the approximated MAM barycenter with time in regards with the exact

©

©

barycenter of the Altschuler and Bois-Adsera algorithm computed in 4 hours [10]
oh 1h 2h 3h 4h Sh 6h 7h 8h Ot
- WY
o2 — WiPeact)
— WpH
1P+ = pfl.-10°

9o - distg(it)
g 5
S o £
L -
k=4 2
g s
g 4
o ]
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@

10g, Borgwardt, S. Patterson (2020). INFORM J. Optimization
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